Applied Probability Trust (12 February 2016)

FIRST EXIT TIME OF A LEVY FLIGHT FROM A BOUNDED
REGION IN RY

YOORA KIM,* University of Ulsan

IREM KOPRULU,*™ The Ohio State University

NESS B. SHROFF,*** The Ohio State University

Abstract

In this paper we characterize the mean and the distribution of the first exit
time of a Lévy flight from a bounded region in N-dimensional spaces. We
characterize tight upper and lower bounds on the tail distribution of the first
exit time, and provide the exact asymptotics of the mean first exit time for a
given range of step-length distribution parameters.
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1. Model description and problem statement

1.1. Lévy flight

A Lévy flight is a class of random walks that is characterized by a heavy-tailed
step-length distribution. Let {Y,}nen be a sequence of random vectors that denote
the position of an object that moves according to a Lévy flight process in RV, N > 1.

We assume that the random walk starts at the origin. Then, for the one-dimensional
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case, Y, can be written as

Yo=Y Xi€R. (1.1)
k=1

In (1.1), Xj denotes the kth signed step-length, and is independent and identically
distributed (i.i.d.) across k according to an a-stable distribution. Let X be the generic
random variable for Xj. Then the characteristic function of X, defined as px(t) :=
E[e*X], is determined by the parameter tuple (a, 3,7, 6) as
ox(t) = exp (—y[¢]* [1 — iB(tan 52 ) (sgnt)] +idt), a#1, (1.2)
exp (—7|t| [1 +iB2(sgnt) log|t|] +idt), a=1.
In (1.2), the stability index « € (0, 2] and the skewness parameter 5 € [—1, 1] determine
the form of the distribution in terms of the tail asymptotics and the skewness, and v > 0
and § € R are parameters for the scale and the shift, respectively [13].
For the N-dimensional (N > 2) case, Y, can be written using hyperspherical

coordinates as
n

Yo = | XelA(Gr) € RY. (1.3)
k=1

In (1.3), | X| denotes the absolute value of the kth signed step-length X} and corre-

sponds to the radial coordinate. Then 0r = (0 m)m=1,...N—1 is an (N — 1)-tuple of

angular coordinates, and A(6) denotes the unit-length direction vector associated with
it. In our model, the angular coordinates (0 )m=1,....,N—1 are chosen independently
of the step-length and each other, and uniformly at random from the interval [0, 7) for
m=1,...,N —2, and [0,27) for m = N — 1, which results in an isotropic random

walk. The unit-length direction vector A(-) is defined for w = (w1,...,wn_1) € N :=
[0, 7)V =2 x [0,27) by A(w) = (A (w),...,An(w)), where

Ao (w) = sin(wy) cos(wsa),

-
&
£

I

sin(w1) sin(ws) cos(ws),

An_1(w) =sin(wy) .. .sin(wy—_2) cos(wn—1),

An(w) = sin(wy) ... sin(wy_2) sin(wy_1).
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In this paper we consider a-stable distributions with 8 = § = 0 in which case
the characteristic function reduces to ¢x(t) = e~ 7 111", This results in a symmetric
distribution for the signed step-length and a symmetric Lévy flight in R. Furthermore,
we focus on « € (0,2), since for a = 2 the resulting a-stable distribution is Gaussian
and no longer heavy-tailed (i.e. the resulting random walk is not a Lévy flight). For
this set of parameters, the tail of the a-stable distribution asymptotically behaves as

PX >z)=P(X < —z) ~ L) sin (%) S (1.4)

s

Here, T'(-) is the gamma function, and for any two functions g,h : R — R, we write
g(x) ~ h(z) to denote lim,_, o g(x)/h(x) = 1. Throughout this paper, we adopt the

following notation to indicate asymptotic behavior:

_ o g(x)
g(x) =O(h(x)) if hgljgp hz) < 00,

g9(x) = Q(h(x)) if h(z)=0(g(z)),
9(x) = O(h(z)) if g(x) =O(h(z)), and g(z)=Q(h(z)).
1.2. First exit time from a bounded region

The quantity of interest in this paper is the first exit time of a Lévy flight from
a bounded region, in particular a closed N-ball of radius R. We provide the formal

definition of the first exit time in Definition 1.1.

Definition 1.1. For a given R > 0, the first exit time 7 is defined as
Tr :=inf{n € N:|Y,| > R},
where |Y,,| denotes the Euclidean norm of Y,,.
Since X}, is not identically 0 for any k € N, 7 is a proper random variable, i.e.
tli)IEOP(TR >t)=0.

In this paper we focus on characterizing the behavior of the distribution and the mean
of g as a function of R.
Note that the first exit time is sometimes also referred to as the first passage time

in the literature. In our work we distinguish between them as follows. The first
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exit time is concerned with a bounded region, and the first passage time is concerned
with a semi-infinite interval in one-dimension. We define the first passage time as
v =1, :=inf{n € N:Y, > x}. A well-established result on the first passage time
is the Sparre Andersen theorem which states that for any discrete-time random walk
with a continuous and symmetric step-length distribution, the first passage time density
f,(t) scales asymptotically as t=3/2 [1]. In this paper, we use Fyy (w) := P(W < w) to
denote the cumulative distribution function (CDF) of a random variable W. If it exists
we denote the probability density function (PDF) of W by fu (w).

Pruitt [9] derived upper and lower bounds on the distribution and the mean of the
first exit time for any random walk in R™. For one-dimensional Lévy flights, the average
first exit time from a bounded interval has been studied by Buldyrev et al. [2,3]. A later
study by Dybiec et al. [5], however, pointed out that non-local boundary conditions
have to be considered due to the heavy-tailed step-lengths of a Lévy flight, and hence
the analytical results in [2, 3] are correct only for @ = 2. Dybiec et al. [5] provided
a numerical study to verify their results, and the analytical solution is left open. For
two-dimensional Lévy flights, there is a very recent study by Vahabi et al. [10], who
provided numerical results on the mean first exit time. For general N-dimensional
Lévy flights, there are no analytical results for either the distribution or moments of
the first exit time from a bounded region.

An analytical solution for the distribution and the mean of the first exit time of
a Lévy flight in RY is known for the diffusion limit, i.e. a-stable Lévy motion [11].
In one-dimensional space, Katzav and Adda-Bedia [8] and Zoia et al. [12] derived the
distribution and the moments of the first exit time. In general N-dimensional spaces,
Getoor [7] established exact expressions for the first and second moments of the first
exit time. Recently, Chen et al. [4] derived two-sided estimates for the heat kernel of
a Dirichlet fractional Laplacian in RY. From [4, Theorem 1.1(ii)] we can deduce that
the tail distribution of the first exit time from an NN-ball has exponential upper and
lower bounds.

In this paper we analyze the distribution and the mean of the first exit time of Lévy
flights in RY. Our approach is to formulate the tail distribution of the first exit time
in a recursive manner as P(tg > n + 1) = a,P(tr > n) and derive bounds on the

factor a,, uniformly over all n € N. Based on this approach, we prove that the tail
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distribution is bounded above and below by exponential functions. The efficacy of our
bounds is illustrated by the fact that they translate into an order-wise tight bound on

the mean first exit time for the stability index « € (0,1).

2. Analytic results on the first exit time

In this section we state and prove our main results on the first exit time 75 of a
Lévy flight from an N-ball of radius R. We begin by providing upper and lower bounds
on the tail probability of 7z in Theorem 2.1. As a consequence of Theorem 2.1, we
next analyze the asymptotics of the mean first exit time E[rg] in Corollary 2.1 as the
radius R increases. Finally, we establish the dependence of the first exit time on the

scale parameter 7y of the a-stable distribution in Proposition 2.1.

Theorem 2.1. For a Lévy flight in RY, the first exit time from a ball of radius R is

exponentially bounded, i.e. there exist 0 < g < upr <1 such that
(Ir)" <P(tr >n) < (ur)" for alln €N, (2.1)

where lr and ur are given as

1 [
lp=— Fix|(x)dz, wur= Fx|(R), (2.2)
ZR 0

where zg := 2R for N =1 and zg := R for N > 2.

Remark 2.1. In [9], Pruitt derived bounds on the distribution of the extreme value
M,, = max; <, |S;| for any random walk {S,}nen in RY. When we apply [9] to a Lévy
flight, we obtain the following bounds:

[

R

1—vpn <P(rg >n) < 2= for all n € N, (2.3)
n

where vi and (g are constants that scale like ©(R™) and O(R®), respectively. Since
our bounds in Theorem 2.1 are exponential functions of n whereas the bounds in (2.3)

are polynomial functions, there exists n € N such that
1—vpn < (Ip)" <P(rgp >n) < (up)" < SR for all n > n.
n

That is, after a certain point n > 7, our bounds in Theorem 2.1 become tighter than

the bounds obtained by applying Pruitt’s result to a Lévy flight.
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An analogous result to our Theorem 2.1 can be obtained for an a-stable Lévy motion
in RY. From [4, Theorem 1.1(ii)], we can deduce that the tail distribution of the first

exit time from an N-ball has exponential upper and lower bounds as

me M < P(rp > t) < noe

where A is the smallest eigenvalue of the Dirichlet fractional Laplacian, and n; and 7

are positive constants.

To prove Theorem 2.1, we need three lemmas. Lemma 2.1 is concerned with the
distribution of the absolute value of an a-stable distributed random variable X, and is
a direct consequence of the bell-shaped nature of a-stable distributions [6]. The proof

of Lemma 2.1 is given in Appendix A.

Lemma 2.1. The CDF F|x|(:) is infinitely differentiable on its domain [0, 00). Hence,
the PDF of |X| exists. Moreover, the PDF is monotone and satisfies fix|(x;) >

Jix) (@) for 0 <y <2y

In Lemma 2.2 we explore the distribution of the nth position of a Lévy flight {Y,, }.en
conditioned on the event that all positions up to time n lie inside the ball of radius R.
In particular, we examine the existence, the continuity, and the monotonicity of the

conditional density function of |Y;|. The proof of Lemma 2.2 is given in Appendix B.

Lemma 2.2. The conditional density function fy,|(y|7r > n) exists for all n € N,

and is continuous over its domain [0, R]. In addition, for 0 <y, <y, < R, we have

fiva Wil > 1) > fiy,|(yu | TR > n). (2.4)

In Lemma 2.3 we investigate the probability of exiting the ball of radius R at the
next step as a function of the current position of the Lévy flight. We show that the
Lévy flight is less likely to exit the ball when its current position is closer to the center

of the ball. The proof of Lemma 2.3 is given in Appendix C.
Lemma 2.3. Let G : [0, R] — [0,1] be defined as G(y) := P(|Yni1| < R||Yn| = y).
Then, for the one-dimensional Lévy flight, we have

Gly) = 3Fix(R—9) + 3Fix (R + ), (25)
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and for the N-dimensional (N > 2) Lévy flight, we have
G(y) > Fix|(R —y). (2.6)
Regardless of the dimension, for any Lévy flight, we have for 0 < y; <y, < R,

G(y) > G(yu). (2.7)

Proof of Theorem 2.1. We complete the proof in two steps. First, we show that for
any n € N, the distribution P(7r > n) can be written recursively with the initial value
P(tr > 1) = P(|Y1| £ R) = Fix|(R) as

R
Mm>n+n—wm>m[;mmnmmm>nm% (2.8)

where G(-) is defined in Lemma 2.3, and the existence of fjy,|(-|7r > n) has already

been shown in Lemma 2.2. Second, we show that the integral in (2.8) is bounded by

R
ZRS/ GW)fiv,|(y| TR >n)dy <ur for all n. € N. (2.9)
0

Combining (2.8) and (2.9) yields Theorem 2.1.
Note that {rg > n} = {|Yx| < R,k =1,2,...,n}. Hence, by conditioning on the
event {7g > n} we can rewrite the probability P(7g > n + 1) as
P(TR >7’L-‘r1) Z]P)(TR >7’L+1|TR > TL)P(TR >7’L)
=P(|Yis| <Rk=1,2,....n+1||Vs| <R,k=1,2,....,n)P(tr > n)
=P(|Yot1] < R|7Tr > n)P(1r > n). (2.10)
We focus on the probability P(|Y,+1| < R|7r > n) in (2.10) for the N-dimensional
(N > 2) case, and omit the analysis for the one-dimensional case. For y € [0, R]
and w € Q, the joint conditional density function fjy, | (v,)(y,w|7r > n) exists by
Lemma 2.2, and given the isotropic nature of the Lévy flight, it can be written as
1
f\ml,é(Yn)(yaw | TR >n) = Wf\ml(y | TR > n). (2.11)
Thus, we can rewrite P(|Y,,4+1| < R|7r > n) by conditioning on Y,, as

P([Ynsa| < R|7r > n)

R
— [ [ B0¥anl < RIYa = A @), 70 > 1)y v (000 | 7> 0) dwrdy. - (212)
0 JQ
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The probability inside the integral in (2.12) reduces to
P([Yoi1| < R|Yy = yMw), 7 > n) = P([Yoia| < RV, = yA(w))

—P(Yiu| <R[V =y),  (213)

where the first and the second equalities follow from the Markov property and the
isotropy of the Lévy flight, respectively. Substituting (2.11) and (2.13) into (2.12), we

have
R 1
BYonr < Rl >m) = [ | POVl <RIV = ) g fiv, (0] 7> ) oy
R
= | Bl <RIV = )i 7> )y

R
:Acmmmmm>m@. (2.14)

Thus, combining (2.10) and (2.14), we obtain the recursion formula (2.8).
We will next prove the upper bound in (2.9). From (2.7) in Lemma 2.3, we have

R R
tAG@hﬂﬂm>@®SG@A.HMMW>MM—QW

and G(0) := P(|Yoq1] < R[[Yn| = 0) = P(|Xsq1| < R) = Fix|(R). This gives the
upper bound ur = Fix|(R) in (2.9).
Finally, we prove the lower bound in (2.9). By (2.4) in Lemma 2.2, we have

R
Rfyi (Bl > ) < [ fieg (o] 70> ) dy < Ry, 0178 > 1),
0
Since fOR fiva (| 7R > n)dy = 1, we have
1
f|yn‘(R|TR > n) < E < f|Yn\(O|TR > n)

In addition, since f}y,|(-|7r > n) is a continuous function (by Lemma 2.2), we can
apply the intermediate value theorem to show the existence of § = ¢, € [0, R] such
that fly,|(§|7r > n) = 1/R. In the following, we will show that the integral in (2.9)
is bounded below by 1/R fOR G(y)dy by computing the difference over two separate
intervals of integration [0, §] and (g, R]:

R R
| cwiviwlm>ma— [ cwa

- /0” G(y) (fm(ylm >n) — %) dy + /QR G(y) (fm(ylm >n)— %) dy. (2.15)
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For 0 < y < g, we have fiy,|(y|7Tr > n) > fiy,|(@|7r > n) = 1/R by (2.4) in
Lemma 2.2. Hence, the first integral in the right-hand side of (2.15) is bounded by

/Og G(y) (f|Yn|(y | 7R >n) — }%) dy > Ogggg{G(y)}/j (fm(y | TR >n) — %) dy
=G()) /0?3 (f|yn (y| T >n) — E) dy, (2.16)

where we have used info<,<3{G(y)} = G(9) by (2.7) in Lemma 2.3. Similarly, the
second integral in the right-hand side of (2.15) is bounded by

/z)R G(y) (f|Y"|(y|TR >n) = }l%) dy > sup {G(y)} : (f|Yn(y|TR >n)— %) dy

J<ys<R

R
~600) [ (Sl - ) i @217)
Combining (2.15), (2.16), and (2.17), we have
R R R
/0 GW) v,y >n)dy — %/O G(y)dy = G(Q)/O (len(y|TR >n) — %) dy

= G(G)(1- 1)
= 0.

That is, the integral in (2.8) is bounded below by

R R
1
/0 GW) vyl 7R >n)dy > }_%/0 G(y) dy. (2.18)
Now we consider 1/R fo y) dy for the one-dimensional Lévy flight. By applying (2.5)
in Lemma 2.3 and change of variables, we have
1 [ 1 [
= G(y)dy = Fx(R—y)dy+ — Fx (R d
R/o (y)dy 2R/ Ix|(R—y) y+2R x|(R+y)dy
1 [2R
:ﬁ | F|X\( )dy+ﬁ Fix|(y)dy
1 (2R
35 s
= In. (2.19)
Next, we consider 1/R fo y) dy for the N-dimensional (N > 2) Lévy flight. Again,

by applying (2.6) in Lemma 2.3 and a change of variables, we have

1 [P 1 [P 1 (R
. > — = — = . .
R/o G(y)dy > R/o Fix|(R—y)dy R/o Fix|(y)dy =g (2.20)
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Combining (2.18), (2.19), and (2.20) yields the lower bound in (2.9). This completes
the proof of Theorem 2.1.

Using the result in Theorem 2.1, we can derive bounds on the mean first exit time
E[rr]. In Corollary 2.1, we show that the bounds we provide are asymptotically tight

as the radius R increases for the stability index a € (0, 1).

Corollary 2.1. The mean first exit time of a Lévy flight in RN is bounded by

where g and ug are given in (2.2). From the bounds, the scaling behavior of E[rg]

with respect to R is given as
Elrg] = ©O(R®) for a €(0,1). (2.21)

Note that our bounds are tight in an order sense for a Lévy flight in RV with
a € (0,1). For a = 1, we have E[rg] = Q(R/log(R)) and E[rg] = O(R), while for
a € (1,2) we have E[rg] = Q(R) and E[rg] = O(R%*). In [9, Theorem 1], Pruitt
establishes bounds on the mean first exit time for any random walk in RY by using the
bounds on the distribution of the extreme value M,, that we mention in Remark 2.1.

When we apply [9, Theorem 1] to a Lévy flight in RY, we obtain
E[rg] = ©(R*) for a € (0,2). (2.22)

Comparing (2.21) with (2.22), we arrive at the same order result for a restricted range

of « € (0,1), and the upper bound gives tight order for an entire range of a € (0,2).

Remark 2.2. A similar result can be found for an a-stable Lévy motion in RY. In [7],
Getoor established an exact expression for the mean first exit time from an N-ball of

radius R. In particular, from [7, formula (A)] it follows that
E[rr] = K (o, N)(R? —|a[*)*/?,

where K(a, N) is a constant that depends on « and the dimension N, and « is the
starting point of the a-stable Lévy motion. Hence, for any starting point & € RY such
that || < R, the mean first exit time scales as ©(R®) for o € (0,2). The work in [7]
focuses directly on the mean and does not provide bounds on the distribution as in

Theorem 2.1.
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Proof of Corollary 2.1. Since the random variable 7r takes on only positive integer

values, the expectation E[rg] can be obtained by

Blre) = > Plra>n) < Y (un)" = ——,
n=0 n=0

where the inequality follows from (2.1). Similarly, we have E[rg] > (1 — Ig) " .

For Lévy flights in any dimension, as R goes to oo, 1 — ur behaves as

. . P(X[>R)  2(a) . /ma\
e e sm(?)” (#0, < 00),

where the last equality follows from (1.4). Thus, we have E[7gr] = O(R%) for 0 < o < 2.
Now we analyze the scaling behavior of 1 — [ for the one-dimensional Lévy flight.

Note that 1 — [g reduces to

1 2R 1 2R 1 2R
1_ZR:§%/0 1dx—ﬁ ; F‘X|(x)d:v:ﬁ ; P(|X| > z)dz,

and limp_,o0 [ P(|X| > x) de = E[| X[}, which is infinite for 0 < a < 1 and is finite

for 1 < a < 2. Suppose that 0 < a < 1. Then the behavior of 1 — I as R goes to oo is

lim LB 1 2RIP>(|X|> )d
Rgnoo R« _Rgnoo 2R1—a 0 e

~ lim P(|X| > 2R)
o R—o0 (1 — Oé)Rfa

= %sin (?) (%)a (# 0, < 00).

Here, L’Hépital’s rule is used in the second equality since both the numerator and the
denominator go to oco. Therefore, we have E[rg] = Q(R®) for 0 < o < 1. Now suppose

that a = 1. Then, similarly to the previous case, we have

1—ZR 2R
lim ————— = lim ——— P(|X d
RgI})oR—llogR Rg{l)leOgR/o (1X] > o) da
. P(|X]|>2R)
=l
=2 (# 0, < 00).
T )

Therefore, we have E[tg] = Q(R/log R) for o = 1. Finally, suppose that 1 < a < 2.

Then, similarly to the previous case again, we have

N e S Y 1
lim = lim 3 P(|X| > z)dz = §E[|X|] (# 0, < ).
0

R— o0 Rfl R—o0
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Therefore, we have E[rg] = Q(R) for 1 < a < 2. The same result follows for the
N-dimensional (N > 2) Lévy flight by changing the upper boundary of the integral
from 2R to R. This completes the proof of Corollary 2.1.

Finally, we establish the dependence of the first exit time on the scale parameter ~y
of the a-stable distribution. Proposition 2.1 shows that the order-wise asymptotic
behavior of the first exit time of the one-dimensional Lévy flight is determined by the
stability index a.. Hence, it suffices to consider step-length distributions with unit-scale
parameter v = 1 when characterizing the asymptotics of the first exit time 7 as the

radius R increases.

Proposition 2.1. Let 7(g o) be the first exit time of a Lévy flight with step-length
parameters o,y and ball of radius R. Then for the one-dimensional Lévy flight, we

have

D
T(R,a,7) = T(R/v,0,1)
where 2 denotes equal in distribution.

Proof. In this proof we add the subscript («, ) to the random variables X and Y,, as

X(a,y) and Y(, o 4) in order to explicitly denote the associated step-length parameters.

Note that the characteristic functions of 7X(4,1) and X(, ) are identical, i.e.

PrX o (1) = B[ Xen] = E[e'0DXen] = px (yt) = exp(—|7t]*) = ¢x,..., (1),

where the last two equalities follow from (1.2). Since the characteristic function
uniquely determines the distribution of a random variable, we have X, 1) 2 x (@)
In addition, it is known that Y{, 4 ) 2 n/*X (q,) for n € N [13]. Hence, we obtain
D o o D
}/(n,a,'y) = nl/ (FYX(a,l)) = 7(”1/ X(a,l)) = 7}/(n,a,1)a
ie. Y a9 2 YY(n,a,1)- Therefore, for each n € N, we have
P(T(r,ay) > 1) = P([Yha)| < R, kE=1,2,...,n)
=P(Y|Ypay <R, kE=1,2,...,n)
= P(T(R/'y,a,l) > n) (2.23)

Since (2.23) holds for any n € N, we have 7(g 4 ) 2 T(R/~v,a,1)-
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Appendix A. Proof of Lemma 2.1

The CDF Fx(-) is infinitely differentiable on its domain (—oo,0), and the PDF
[x () satisfies fx(|71]) > fx(|zul) for |z;] < |zy| [6]. Since Fx|(x) = 2Fx(x) — 1 and
fix)(x) = 2fx(x) for x > 0, the result follows.

Appendix B. Proof of Lemma 2.2

We provide the proof for the N-dimensional (N > 2) case by induction on n. The
proof for the one-dimensional case follows from similar but simpler arguments.

Suppose n = 1. Since |Y1| = | X1| and {rg > 1} = {|X1| < R}, we have

fvillmr > 1) = fix, | (w1 Xa] < R) = a1 fix)(v),

where ¢; := (P(|X| < R))~!. Hence, by Lemma 2.1, the conditional density function

fivi(-| 7r > 1) is continuous, and satisfies for 0 < y; <y, < R,

Tl e > 1) = e fix(w) = e fix|(Wu) = fivi|(Wu | TR > 1).

This proves Lemma 2.2 for n = 1.

Suppose n € N. Assume that

e (Al) f|Yn\(y|TR > n) exists for 0 <y < R;
e (A2) Jival (y|7r > n) is continuous over its domain [0, R];

o (A3) for 0 <y < yu <R, fly, (Wil TR > 1) > fiv,|(Yu| TR >n).

Under these assumptions, we will prove that Lemma 2.2 holds for n+1. We first show
the existence of the conditional density function fiy, ,|(y|7r >n+1) for 0 <y < R.
Let B = {z € RY : |z| < R}. For a vector € R, let x; denote the ith component of
x. For any two vectors x,y € RN, we write & < y to indicate x; < y; fori =1,..., N.
Then, for y € Bg, we have

1

]P(TR>7’L+1)

1
— T < . 1\ n I’
P(rr > n 1)]1(5 +1 €S(y),7r > n)

- CnJrlP(YnJrl S S(y) | TR > TL), (Bl)

P(Yn+1§y|TR>TL+1): P(Yn+1§vaR>n+1)
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where S(y) := {x € Br : ¢ < y} and cp41 := P(7g > n)/P(7r > n + 1). Here, the

second equality is obtained in a similar manner as in (2.10). Based on assumption

(A1), we can write the probability P(Y,,4+1 € S(y)|7r > n) by conditioning on Y;, as
P(Yosr €5) [0 > 1) = [ BV € S(w) | Yo = 2.7 > )y, (2| 70> 1) de

Br

:/B P(Yot1 € S(y) | Yn =) fy, (x| 7R > n)dx

1
= /x|l —s|)ds fy, (x| Tr > n)dz
/BR/S(y) opN—171X]

; / /
= — fix|(le = s|)fy, (x| 7R > n)dxds
orN—1 St) JBx | X
; /
= — E|fix (Y, —s|)|7r > n|ds, (B.2)
oxN-1 S(w) [ 1X] }

where the second equality is obtained by the Markov nature of {Y;, },ecn, and Tonelli’s
theorem is applied in the fourth equality given the nonnegativity of the density func-

tions fix|(-) and fy, (-|7r > n). To simplify notation, we define

1
H(s) = WE[ﬂx‘(lYn—SlHTR >n] , s € S(y). (B.3)
Also, in order to differentiate (B.2) with respect to y1, . . ., yn sequentially, we introduce
V(a) = {x € R : 2 < a}, a € R¥,

Bb)={z e B": [ < VEE-BP},  beRNTH,

where k =1,..., N — 1. Then, we have

0
a—P(YnH €S(y)|[tTr>n) = / H(yi, s2,...,sn)d(s2,...,sn). (B.4)
Y1 B(y1)NV(y2,...,yn)

In deriving (B.4), we first decompose S(y) as

ﬂ{sERN : 51§y1,(52,...,5N)§(yz,...,yN)}

- {s ERY ;51 € [<Ryil, (s2,...,5n) € B(s1) N V(ya, .. .,yN)}. (B.5)

S(y) = {s €RY : |si] < R, |(s2.on)| < VRZ = (51)2

Next, we combine (B.2), (B.3), and (B.5) to obtain

.....



First Ezit Time of a Lévy Flight from a Bounded Region 15

Based on the continuity assumption (A2), we can apply the fundamental theorem of
calculus to find the derivative of (B.6) with respect to y;, which results in (B.4).

Using a similar approach as above, we have

82

—PY,11 €8 TR>N

5(y2,y1) ( +1 (y)| R )
0

:8_/ H(yl,SQ,...,SN)d(SQ,...,SN)
Y2 JB(y1)NV(yz2,...un)

8 Y2

-0 / H(yr, 82, sn) d(s3, - 5) dsy
Y2 —/ R2—y? JB(y1,52)"V(y3,....yn)

:/ H(y17y27s37'"7SN)d(S37"-7SN)'
B(y1,y2)NV (Y3, yN)

Continuing this process, we finally obtain

aN

—P,11 €S TR > n) = H(y).
8(yN,---7y1) ( +1 (y) | R ) (y)
Also, by the isotropy of the Lévy flight, we have

aN
a(yiuyiw s 7yiN)

P(Yns1 € S(y)[7r > n) = H(y), (B.7)

for any permutation (i1,io,...,ix5) of (1,2,...,N). Hence, for a point y € Bg, the
density function fy, ., (y|7r > n + 1) exists and is obtained from (B.1) and (B.7) by

Cn+1

= ot Efx (Yo —wl) |78 > n].

fYn+1 (y | TR >N+ 1) = Cn+1H(y)

By the isotropy of the Lévy flight again, we have for 0 <y < R,

fyvo@lmr>n+1)=2c""f  (yei|Tr >n+1)

= cn+1E[f|X‘(|Yn — ye1|) ’TR > n} , (B.8)

where e; denotes the first standard basis vector in RV, i.e. e; = (1,0,...,0) € RV,
This proves the existence of the density function fjy, ., |(-|7r > n+1).
We next prove the continuity of f|y, ,|(-|7r > n +1). To this end, we show that

J1¥oir)| (-1 TR > n + 1) is differentiable, and its derivative is given by

(y = s1) f/x|(Is —yei]) fv.. (s| Tr > n)

|s — yei|

d
d_len+1|(y | TR > n+1) =cpq1 / ds, (B.9)
) Br



16 Yoora Kim, Irem Koprulu, and Ness B. Shroff
where f"Xl(:zr) := (d/dx)(f|x|(v)). From (B.8), we have

d
@fIYn+1|(y | TR >N+ 1)

ey +elmr>n+ 1) — fivo |yl TR >0+ 1)

= lim
e—0

_cn+1hrn/ fixils = @ + cJe |) fIX‘(|S_yel|)fYn(s|TR >n)ds. (B.10)

In this proof we assume that € in (B.10) is positive, but we can prove the case ¢ < 0
similarly. For each fixed point s € Bgr, the density f|x|(|s — ye1|) is an infinitely
differentiable function of y by Lemma 2.1, and, thus, by the mean value theorem, there

exists § € (y,y + €) such that

fix(s = (+eil) — fix|(Is —yer) — 51
= e|)—— B.11
6 (s =ge) 2 ()
The term on the right-hand side of (B.11) is bounded by
(s — ger )2 —L | < ‘ sup ‘
il = geid 22 < s o[ S|
where M := supp<,<ap |f|’X‘(x)| is finite since fI/X\(') is continuous by Lemma 2.1.

Hence, the first term inside the integral in (B.10) is bounded for any s € Bg, y € [0, R],
and € > 0 by

‘f;q(ls—(y+6)61|)—fX|(|S—yel|)’ <M. (B.12)

€

The second term inside the integral in (B.10) is bounded for any s € Br by

1 1
Jyv.(s|TR >n) = Wf|yn\(|3| | TR >n) < me\(mﬁ% >n), (B.13)

where the inequality follows from assumption (A3). Given (B.12) and (B.13), we can

apply the dominated convergence theorem to (B.10) to obtain

lim oo +eltr>n+1) = fiy, ,|(ylTR >n+1)

e—0 €

= cn+1/ iS008 = (g + Oen]) — fix(ls yell)fyn(s |77 > n)ds
Br e—0 €

_cn+1/ fix)( |S—ye1|)| |fyn( s|7r >n)ds,

where the second equality follows from (B.11). This proves (B.9).
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FIGURE 1: Geometry in the proof of Lemma 2.2

Finally, we prove the monotonicity of fjy, ,,|(-|7r > n+1). Fix y; and y, such that
0 <y < yu < R. From (B.8), we have

f‘ynﬂ‘(yl |7'R >n+ 1) —fm+1\(yu|TR >n+ 1)
= cn1B[fix) ([Ya — wien]) — fix)(1Yn — yuerl) | 7 > n]

= Cpt1 /B J(8)fy,(s|Tr > n)ds, (B.14)

where

J(s) = fix|(Is — wierl) = fix|(Is — yuerl). (B.15)
Given y; and y,,, we partition the ball By into three disjoint regions D;, Ds, and Ds as

plz_{seBR:slszyu},

Dy :={(yi1 +yu)e1 — s € Bg: s € D1},
Dg = BR \ (Dl UDQ),

see Figure 1 for a depiction of Dy, Do, and D3 in R2. Note that D, is the mirror image of
D; with respect to the point ((y;+y.)/2)e1, and DaUD3 = {s € Br : s1 < (yi+y.)/2}.
Also, note that |s — yie1| < |s — yyeq| if and only if s; < (y; + yu)/2. Hence, by



18 Yoora Kim, Irem Koprulu, and Ness B. Shroff

Lemma 2.1, J(s) <0 for s € D; and J(s) > 0 for s € Dy U D3, which yields

/ J(8)fy,(s|TrR > n)ds <0,

Dy

/ J(s)fy,(s|TrR >n)ds >0, (B.16)
Do

/ J(s)fy,(s| TR > n)ds > 0.

Ds

We will compare the first two integrals in (B.16). For each point s € Dy, we define
$=(u+yuer—s

to simplify the notation. Then, we have |[s—y,e1| = |§—y,e1| and |s—y,e1]| = |§—yie1]|.

Accordingly, we have
J(s)=—-J(8) <0 forseD. (B.17)

In addition, since [s| > |§] for s € Dy, we have f|y,|(|s||7r > n) < fiv,|(|8] [ TR > n)

by assumption (A3). Thus, we have
fyv,(sltr >n) < fy, (§|7Tr >n) for s € D;. (B.18)
From (B.17) and (B.18), we have

/J(s)fm(s|7'R>n)d32—/ J(8) fy, (8|mr >n)ds
D1 Dy

=— /D J((yi + yu)er — ) fy, (v + yu)er — s| 7r > n) ds

- —/ J(8)fy, (8| 7 > n) ds,
D2
where the second equality is obtained by the definition of Dy. Hence, we have
/ J(8)fy,(s|Tr > n)ds > 0. (B.19)
D1UD>

Combining (B.14), (B.16), and (B.19) shows the monotonicity of fjy, . ,|(-|7r > n+1).
This completes the proof of Lemma 2.2.
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Appendix C. Proof of Lemma 2.3

We prove the one-dimensional case first. Starting with the definition of G(-), we

have for any y € [0, R] the following:

G(y) :==P([Yoa| < R[[Ya] = y)

=P(|Yor1l S R|Yn =y)

1 1
= §P(|Xn+1| <R-y)+ §P(|Xn+1| < R+vy)

1 1
= §F|X\(R —y)+ §FIX\(R+ Y)-

Here, the second equality follows from the symmetry of the Lévy flight {Y, }nen in
R. Since F|x|(-) is differentiable by Lemma 2.1, G(-) is also differentiable, and its

derivative satisfies

d

TG = =5 hx(R=9) + 3 (R +1) <0

where the inequality follows from Lemma 2.1. Hence, we have G(y;) > G(y,) for any
y; and y,, with 0 < y; <y, < R. This proves Lemma 2.3 for the one-dimensional case.

We now prove the N-dimensional (N > 2) case. By isotropy, G(y) is given by
G(y) == P([Yna| < R[Yal = y) = P([Ynta| < R| Yy = yer). (C.1)
By conditioning on 6,41 in (C.1), we have

Gy) = / P(|Yoq1] < R| Y, =ye1,0n1 = w)fo, ., (w|Y, =yer)dw
Q

1
/Q]P)(|Yn + [ Xns1[A(On11)] < RIY, = yer,0p41 = W)W dw

1
2rN-1

/leyel X [Aw)] < R) dw, (C2)

where the last equality follows from the independence of X, 41, 6,41, and Y,,. By the
triangle inequality, we have |ye1 + | X, 11 |A(w)| < |yer| + || Xnt1|A(w)] =y + [ Xnt1l,
which shows that the event {y + |X4+1]| < R} implies the event {|ye; + | Xp1+1|A(w)| <
R}. Hence, we have P(|lye; + [Xn11|A(w)| < R) > P(y + | Xpny1| < R) = Fix|(R—v)
for any w € Q. Therefore, from (C.2) we have G(y) > Fx|(R — y).

To prove the monotonicity of G(+), we represent G(y) in (C.1) as

1
G(y) =P(Ynt1 € Br|Y, =yer) = /B Wﬂx\ﬂs —yeil) ds.
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Hence, for fixed y; and y,,, the difference G(y;) — G(y..) is given by

1

G(y) — G(yu) = oaN—1

/B [ix(15 - wer) — fixi(s —wuer)]ds.  (C3)

Note that the integrand in (C.3) becomes fix|(|s—yie1])—fix|(|s—yue1|) = J(s), which
we have defined in (B.15) in the proof of Lemma 2.2. Following the same argument

from (B.15) through (B.19) but replacing fy, (-|7r > n) with 1, we can readily obtain

/ J(s)ds:/ J(s)ds—|—/ J(s)ds:/ J(s)ds > 0. (C4)
Br D1UD> Ds D3
Combining (C.3) and (C.4) yields G(y;) — G(y.) > 0. This completes the proof.
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